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Parametric study
The effect of different parameters on the gradual failure and pseudo-ductility of thin UD hybrids is stud-
ied using an analytical method developed recently. Damage mode maps are proposed to show the effect
of different geometric parameters for a specific material combination. This type of map is a novel and effi-
cient method to find the optimum configuration of UD hybrids and also indicates the importance of thin
layers to achieve the optimum geometric parameters in practice. The material parametric study reveals
that there is always a trade-off between the ‘‘yield stress’’ and the amount of pseudo-ductility; higher
yield stresses leads to lower pseudo-ductility and vice versa. However, application of high-stiffness fibres
with high strengths as the low strain material can provide both better pseudo-ductility and yield stress.
� 2015 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license (http://

creativecommons.org/licenses/by/4.0/).
1. Introduction

Conventional composite laminates suffer from sudden brittle
failure and large values of safety factor are usually applied in
design procedures. Hybridisation is one of the methods for intro-
ducing pseudo-ductility to composite materials and avoiding
catastrophic failure. By combining different types of low strain
and high strain fibres and selecting an appropriate configuration,
it is possible to obtain a gradual failure process and a nonlinear
stress–strain response. But if the configuration and material com-
bination is not selected appropriately, not only is the tensile
response brittle, but also the mechanical properties of the hybrid
are worse than those of the constituents.

Aveston et al. [1–3] investigated the importance of the con-
stituents’ proportions and showed that there is an upper limit for
the volume ratio of the low strain material to high strain material
for avoiding complete fracture at the failure of the low strain mate-
rial. They concluded that using more low strain material than this
critical proportion leads to catastrophic failure whereas lower pro-
portions result in multiple individual cracks along the specimen
known as multiple fracture or fragmentation of the low strain
material.

Compared to other parameters such as local fibre arrangement
studied in [4,5], the proportion of low to high strain material is
more important. But, it has been shown [6,7] that it is not possible
to achieve fragmentation with thick layers of low strain material,
although the low strain material proportion is lower than the
critical value proposed by Aveston et al. It is now clear that the
absolute thickness of the constituents plays an important role
which was not considered in the model proposed by Aveston
et al. [1,2]. Czél and Wisnom [6] showed that hybrid specimens
with the same low to high strain material thickness ratio but
different ply thicknesses have significantly different stress–strain
curves due to their different susceptibility to delamination.

A new analytical approach for predicting all possible damage
modes of thin-ply UD hybrids has recently been proposed [8].
This method considers the three different damage modes of (i)
low strain material failure/fragmentation, (ii) delamination, and
(iii) high strain material failure. The required stress for each dam-
age mode is calculated separately and the stress–strain response of
the hybrid is predicted on the basis of these stresses and the order
of the damage modes.

The tensile response of thin-ply UD hybrids is affected simulta-
neously by two groups of geometric and material parameters. The
aim of this paper is to investigate the effect of both groups using
the analytical approach proposed in [8] with all of the possible
damage modes taken into account. Some specific material combi-
nations such as Kevlar/carbon [9], glass/carbon [10] and high
strength/high modulus carbon [11] have been studied experimen-
tally but the design procedure including selection of configuration
and material combination was judicious. The main aim of this
study is to provide a coherent parametric study which takes both
geometric and material parameters into account.

The effect of the configuration parameters (proportion and
absolute thickness of constituents) is investigated by means of
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Table 1
Stress at laminate level for each damage mode [8].

Damage mode Criterion

Fragmentation in the low strain
material

r@LF ¼ SL
abþ 1
aðbþ 1Þ

Delamination
r@del ¼

1
1þ b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ab

ab

� �
2GIIC EH

tH

� �s

Failure of the high strain material r@HF ¼
1

ð1þ bÞ
SH

Kt
ffiffiffiffi
Vm
p
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novel Damage Mode Maps which were presented conceptually in
[7]. Here, the approach is developed more thoroughly and the
maps are drawn precisely with calculated boundaries between
the different regions.

It is not straightforward to use numerical methods such as [7]
for parametric studies, especially when the number of material
properties affecting the results is high. However the analytical
method [8] is an ideal way to investigate the effect of material
selection on the hybrid’s tensile behaviour. The parametric study
in this way will be done in the framework of analytical equations
so it is fast to perform and provides a full set of required results
easily.

1.1. Pseudo-ductility and yield stress

When damage initiates and develops gradually in a hybrid spec-
imen, the stress–strain response deviates from the initial linear
elastic straight line. Fig. 1(a and b) shows two types of generalised
nonlinear tensile responses. The two important features of a non-
linear stress–strain curve are (i) the extra strain obtained due to
gradual failure called ‘‘pseudo-ductile’’ strain and (ii) the stress
level at which the tensile response deviates from the initial linear
elastic behaviour, referred to as ‘‘yield stress’’.

A unified and clear definition of pseudo-ductility and yield
stress is necessary to compare different types of nonlinear tensile
stress–strain response. The pseudo-ductile strain (�d) is defined
here as the extra strain between the final failure point and the ini-
tial slope line at the failure stress level as shown in Fig. 1(a). If the
stress–strain response includes loss of integrity such as long inter-
laminar cracks before final failure, the pseudo-ductile strain is
measured from that point. Therefore, the pseudo-ductile strain is
taken as zero (brittle failure) if the load drop occurs as the first ini-
tial nonlinearity in the stress–strain response, as shown in
Fig. 1(b).

The yield stress (rY) of a nonlinear tensile response is associated
with the knee point where the tensile response deviates from the
initial linear elastic line and it is shown in Fig. 1(a). It is worth men-
tioning that the term ‘‘yield stress’’ is used here to refer to the knee
point where the stress–strain curve deviates from the initial elastic
line and does not necessarily indicate the presence of plastic defor-
mation in the hybrid laminates as was discussed in [12] for discon-
tinuous carbon/continuous glass hybrid composite.

2. Damage mode map

The inevitable first damage mode in any UD hybrid composite is
the failure of the low strain material but the following damage
mode depends on the constituents’ configuration and material
properties. Table 1 summarises the three stress levels of (i) frag-
mentation in the low strain material, r@LF , (ii) delamination,
Fig. 1. (a) A nonlinear stress–strain curve with gradual damage process and (b) a
nonlinear stress–strain curve with loss of integrity and load drop before final failure
process.
r@del, and (iii) high strain material failure, r@HF The value of
required stress for fragmentation in the low strain material, r@LF ,
is based on assuming an undamaged specimen but for the delam-
ination stress, r@del, the low strain material is assumed to be
cracked. Since high strain material failure occurs after either low
strain material failure or delamination, r@HF is calculated based
on assuming a damaged specimen. The details of the analytical
approach were fully discussed in [8]. SL and SH are the reference
strengths of the low and high strain materials and GIIC is the mode
II interlaminar fracture toughness. E and t are used for the fibre
direction modulus and thickness of the High and Low strain mate-
rials specified by H and L indices. a and b are the modulus and
thickness ratios of the low to high strain materials. V and m are
the volume and Weibull strength distribution modulus of the high
strain material and Kt is the stress concentration factor in the high
strain material. Details of the derivation of the equations can be
found in [8]. It is worth noting that tL and tH are the half thick-
nesses of the low and high strain materials.

The three damage modes compete with each other and which-
ever has a lower stress requirement, takes place before the other
two. For any hybrid configuration, it is possible to calculate the val-
ues of stress for fragmentation in the low strain material (r@LF),
delamination (r@del) and failure of the high strain material (r@HF)
and then to find out the order of expected damage modes based
on the order of the required stresses. The six possible permutations
of different damage mode orders are given in Table 2.

In the obtained order, the damage modes occurring after high
strain material failure do not take place in reality because the
whole specimen fails at this point and high strain material failure
is always the final damage mode. Furthermore, if the delamination
stress is lower than the low strain material fragmentation stress,
there is no chance for fragmentation because the low strain mate-
rial has already separated from the high strain material. However,
the predicted failure stress for high strain material remains valid.
Taking account of these points, it is possible to predict the damage
process of any UD hybrid laminate as shown in Table 2.

Since the expected damage processes of some cases in Table 2
are similar, the six different permutations are re-cast into four
groups: (1) failure of the high strain material, (2) catastrophic
Table 2
Summary of expected damage modes for different conditions after the first crack in
the low strain material.

No. Order of required stress
for damage modes

Expected damage process after the initial
crack in the low strain material

1a r@HF < r@LF < r@del 1. Failure in the high strain material
1b r@HF < r@del < r@LF 1. Failure in the high strain material
2a r@del < r@LF < r@HF 1. Catastrophic delamination

2. Failure in the high strain material
2b r@del < r@HF < r@LF 1. Catastrophic delamination

2. Failure in the high strain material
3 r@LF < r@HF < r@del 1. Fragmentation of the low strain material

2. Failure in the high strain material
4 r@LF < r@del < r@HF 1. Fragmentation in the low strain material

2. Dispersed delamination
3. Failure of the high strain material
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delamination and failure of the high strain material, (3) fragmenta-
tion in the low strain material and failure of the high strain mate-
rial, and (4) fragmentation in the low strain material followed by
dispersed delamination and finally failure in the high strain
material.

For a specific material combination, the damage process depends
only on the laminate configuration i.e. the thickness of the low and
high strain materials. Damage mode maps are a good way of visual-
ising this dependency. Using such a map, it is possible to predict the
damage process of any UD hybrid composite straightaway.

The damage mode map introduced in [7] was only drawn
schematically, using many separate FE analyses with different con-
figurations. FE analysis of each configuration was time consuming
and did not result in an accurate boundary between the different
damage modes.

In this paper, the damage mode map is drawn precisely, based
on the analytical method presented in [8]. The boundaries between
different zones with different damage scenarios can be determined
precisely by equating any two criteria in Table 1 as discussed later
in this section. The whole analysis is analytical and computation-
ally very low-cost.

The configuration of each hybrid can be determined by two
independent parameters. The two selected parameters for drawing
the damage mode map are the relative thickness and absolute
thickness of the low strain material and they are attributed to
the horizontal and vertical axes of the damage mode map respec-
tively. The relative low strain material thickness, c, is defined in the
following equation.

c ¼ tL

tL þ tH
¼ b

1þ b
ð1Þ
2.1. Boundary line between fragmentation in the low strain material
and delamination

To find out the configurations at which fragmentation in the
low strain material initiates before delamination (r@LF < r@del),
the following inequality should be satisfied.

SL
abþ 1
aðbþ 1Þ <

1
1þ b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ab

ab

� �
2GIICEH

tH

� �s
ð2Þ

Keeping the material and interface properties constant and
using Eq. (1), it is possible to find configurations in which fragmen-
tation initiates before delamination, Eq. (3).

tL <
2GIICEH

S2
L

að1� cÞ
ðacþ 1� cÞ ð3Þ
Table 3
Material properties of E-glass, S-glass and TR30 carbon composites.

E1

(GPa)
Ref.
strength
(MPa)

Ply
thickness
(mm)

Weibull
modulus

Hexcel E-Glass/913 [14] 38.7a 1548b 0.144 29.3
Hexcel S-Glass/913 [8] 45.7 2138b 0.155 29.3c

SkyFlex TR30 carbon epoxy [7,13] 101.7 1962 0.030 –

a E1 = 43.9 GPa for 0.127 mm nominal ply thickness. It is corrected for the mea-
sured ply thickness reflecting the lower fibre volume fraction.

b Calculated reference strength for unit volume.
c Assumed to be equal to the Weibull modulus of E-glass/913 from [13].
2.2. Boundary line between fragmentation in the low strain material
and high strain material failure

If the proportion of the low strain material is very high, it is
intuitive that after the first crack in the low strain material, the
high strain material cannot carry the extra load shed by the broken
low strain material layer and fails. To find configurations in which
low strain material fragmentation takes place before failure in the
high strain material, it is necessary to satisfy r@LF < r@HF .
Substituting tH = tL/b into each equation leads to the following
equation between low strain material thickness, tL, and b:

ffiffiffiffi
tL

m
p

<
SH

KtSL

a
abþ 1

� � ffiffiffiffiffiffiffiffiffiffi
b

2WL
m

r
ð4Þ

Eqs. (1) and (4) can be used together in an implicit way to find
the relation between absolute and relative thickness of the low
strain material, 2tL and c.
2.3. Boundary line between delamination and high strain material
failure

If the delamination stress is lower than the high strain material
failure stress, r@del < r@HF , delamination propagation is expected
before final failure. According to Table 1 and after rewriting the
equation for the low strain material thickness, this criterion
becomes as in Eq. (5).

b �1
mð Þ Kt

SH

ffiffiffiffiffiffiffiffiffiffiffi
2LWm
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2GIICEH

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ab

a

r
< t

1
2�

1
mð Þ

L ð5Þ

This equation can be used along with Eq. (1) to draw the boundary
between the delamination and high strain material failure.

2.4. Damage mode map of E-glass/TR30 carbon hybrid

Six different layups/configurations made out of E-glass epoxy/
TR30 carbon epoxy hybrid have been tested previously [6,7] to
cover different possible damage scenarios. The tensile response
of these layups has also been analysed with FE [7] and the analyt-
ical [8] method. In this section, the damage mode map of E-glass
epoxy/TR30 carbon epoxy hybrid is produced.

The carbon layer is the low strain material and the glass layer
has the high strain material role. The material properties of the
constituents are given in Table 3 [7,8,13,14]. The interlaminar
toughness and stress concentration factor have been assumed to
be GIIC = 1.0 N/mm and Kt = 1.08. More details can be found in [8].

Fig. 2 shows the six regions of the cases discussed earlier and
summarised in Table 2. These regions are divided by the three
boundaries given in Eqs. (3)–(5).

Fig. 3 is the damage mode map of E-glass/TR30 carbon hybrid at
a new scale and showing the experimental results and previous FE
analysis. In [7] different hybrid configurations with the same E-
glass/TR30 carbon material combination were analysed using
cohesive elements and FE approach. Based on the obtained numer-
ical results, the configurations were categorised into four different
groups. Fig. 3 shows the different tested and analysed configura-
tions with the boundaries found from Eqs. (3)–(5). Consistent with
the FE analysis, the boundaries between regions 1a and 1b as well
as regions 2a and 2b are not drawn since these regions have similar
damage scenarios.

The square markers highlight the tested specimens of [EG/Cm/EG]
and [EG2/Cn/EG2] (m = 1, 2 and n = 1–4) in [6,7] where EG and C
stand for E-glass and TR30 carbon layers. All of the simulated
models with similar damage scenarios are highlighted with the
same marker style. The two regions for cases 1a and 1b as well
as 2a and 2b of Table 2 have not been separated since the resulting
failure modes are identical. The boundaries successfully separate
each group of laminates which have similar damage processes
and the damage mode map matches very well with the observed
damage scenarios in the experimental and FE results. The [EG2/
C2/EG2] laminate is very close to the border line between the



Fig. 2. Damage mode map of E-glass/TR30 carbon hybrid. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of
this article.)
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regions for fragmentation only and fragmentation accompanied by
diffuse delamination. This suggests that the damage process of this
layup is quite sensitive to the material and geometric parameters
and in the tests was found to be a mixture of both damage scenar-
ios. Such sensitivity has been studied and pointed out in [8] as well.
In reality, the border lines of the damage mode map have a width
which depends on the variability of the constituents. So the dam-
age process of configurations close to the border lines may be a
mixture of the damage scenarios of the adjacent regions.
2.5. Damage mode map of S-glass/TR30 carbon hybrid

The damage mode map of E-glass/TR30 carbon shows that the
maximum proportion of carbon to get fragmentation and dispersed
delamination in the damage scenario is only about 16%. Due to
variability in the constituents and limitation in the minimum
ply-thickness, the best layup in that series of experimental tests
was [EG2/C2/EG2] with less than 10% total carbon proportion.
Since the low strain material content was low, the final pseudo-
ductility of this test series was not very high.

To improve the obtained pseudo-ductile strain, a higher strain
material is required to replace E-glass/epoxy and S-glass/epoxy is
Fig. 3. Comparing the predicted damage mode map of E-glass/TR30 carbon with the
results of tested [6] and FE (numerically) modelled [7] laminates – each marker is
associated with a case study and full lines are based on Eqs. (3)–(5). (For
interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)
a suitable material with properties shown in Table 3. The damage
mode map of S-glass/TR30 carbon hybrid in Fig. 4 indicates that the
total carbon proportion in this hybrid can be increased up to about
27%, so better results can be expected from this material
combination.

Using the definition given in the introduction, it is possible to
plot the distribution of pseudo-ductile strain and yield stress on
the damage mode map for the regions where the failure process
is gradual (regions 3 and 4 of Table 2). The distribution of
pseudo-ductile strain and yield stress for the S-glass/TR30 carbon
hybrid is added to the basic damage mode map in Fig. 4. The tested
laminates presented in [8], [SG/Cn/SG] (n = 1–3) and [SG2/C4/SG2],
are shown with circle markers on the map (SG stands for S-Glass).
Since the damage process of the [SG/C3/SG] and [SG2/C4/SG2]
laminates includes a catastrophic delamination right after the first
fragmentation in the carbon layer, there is no pseudo-ductility –
these layups are in the delamination region with no pseudo-ductile
strain or yield stress. But the pseudo-ductile strain of the [SG/C/SG]
and [SG/C2/SG] are about 0.35% and 1.0% which is very close to the
experimental and analytical results published in [8].

The yield stresses of these two layups from Fig. 4(b) are about
950 MPa and 1060 MPa but the experimental results are
1170 MPa and 1130 MPa. The main reason for the difference
between the damage mode map prediction and experimental
results is that the materials are assumed to be ideal without any
variability in the strength. However, the average strength of differ-
ent points in the carbon layer is higher than the minimum strength
value and the deviation from the initial straight line of the stress–
strain curve occurs at higher strains.

Additionally, the [SG/C/SG] laminate yield stress is predicted to
be lower than [SG/C2/SG] but the obtained experimental values are
the opposite way round. This is because the thickness of the [SG/C/
SG] laminate is half of the [SG/C2/SG] laminate and its fragmenta-
tion density (number of cracks in the carbon per unit length) is
double. Therefore more cracks are required for deviation of the
stress–strain curve from the initial linear elastic line. Due to the
variability in the material strength, the larger number of cracks
results in a higher value of yield stress in the [SG/C/SG] laminate.

Fig. 4 clearly shows that the highest value of pseudo-ductile
strain can be achieved with configurations very close to the inter-
section of all three boundary lines in region number 4 (see Table 2).
3. Material parametric study

One of the main advantages of using an analytical method for
the parametric study is that it can be done within the framework
of formulae and equations, so it is very quick and straightforward.
In this section, the dependency of different characteristics of the
hybrid stress–strain response such as pseudo-ductile strain, yield
stress and strength of the hybrid on the constituent material prop-
erties is investigated. The main outcome is a better understanding
of the potential of the hybrid materials and guidelines for optimis-
ing the material combination.
3.1. Maximum pseudo-ductile strain

According to the damage mode map and the pseudo ductile
strain (�d) contours shown in Fig. 4, the highest value of pseudo-
ductile strain can be achieved if the hybrid configuration is within
the boundary of region 4 (see Table 2) and close to the apex. This
area is at the intersection of the three boundaries between differ-
ent damage modes. Therefore, the highest theoretical values of
pseudo-ductile strain for a specific material combination can be
associated with the configuration at the boundaries’ intersection
point. The results from this configuration with the highest



Fig. 4. Distribution of (a) pseudo-ductile strain, �d , and (b) yield stress, rY, on the damage mode map of S-glass/TR30 carbon hybrid – circles correspond to [G/Cn/G] (n = 1–3)
and [G2/C4/G2] laminates. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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theoretical pseudo-ductile strain can be assumed as the represen-
tative output of that material set. With this assumption, the best
results of different material combinations can be compared to each
other without the need to present any information on the actual
configuration and layer thicknesses.

To find the intersection of the boundaries, it is only necessary to
equate any two of the Eqs. (3)–(5). However, this will lead to a non-
linear equation which does not have a simple analytical solution.
To keep the study quick and simple, the size effect in the high
strain material failure is ignored here and Eqs. (4) and (5) are
approximated by simpler versions in which, no Weibull Modulus
is incorporated. This approximation does not significantly affect
the results of material parametric study since the value of
Weibull modulus, m, is typically more than 25 and the final out-
come of all of the terms with 1/m exponent is close to 1.
However, this approximation significantly helps to get a much
easier and faster solution. Similarly the final outcome of

ffiffiffiffi
Vm
p

for
typical values of tL is close to 1. Therefore, the inequality (4) is
more sensitive to the value of b (or c) rather than tL. The approxi-
mate maximum values of b can be found by replacing

ffiffiffiffi
Vm
p

in the
high strain material failure stress (given in Table 1) with 1. This
leads to a relation independent of low strain material thickness,
Eq. (6).

b <
SH

KtSL
� 1

a
¼ SH

KtSL
� EH

EL
ð6Þ

Eq. (6) is similar to the load transfer criterion presented in [2,3]
by Aveston et al. where no size effect was considered. Similar to
the ratio of modulus and thickness of the low and high strain mate-
rial, it is possible to define the strength ratio as k ¼ SL

SH
. Therefore,

Eq. (6) can be rewritten as:

b <
1

Ktk
� 1

a
ð7Þ

It is also possible to neglect the size effect in (5) for the condi-
tion of getting delamination before high strain material failure as
in (8).

Kt

SH

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2GIICEH

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ab

a

r
<

ffiffiffiffi
tL
p

ð8Þ

The intersection point coordinate (relative and absolute thick-
ness of the low strain material) with highest pseudo-ductile strain
can now be found by equating two of the boundary equations from
(3), (6), (8). Since the intersection of all of the three equations is the
same, it does not matter which two criteria are selected and the
final results will be the same.

Substituting Eq. (6) into (3) and assuming equal strength and

strength distribution average for the low strain material (�SL ¼ SL),
the low strain material to high strain material ratio and the abso-
lute thickness of the low strain material at the intersection is found
as in Eqs. (9) and (10).

b ¼ 1
Ktk
� 1

a
ð9Þ

tL ¼
2GIIC

SL

Kt

�HF
ð10Þ

According to Eq. (9), the thickness ratio of the low strain mate-
rial to high strain material at the intersection point of the bound-
aries on the damage mode map is independent of the
interlaminar toughness but the absolute thickness of the low strain
material at the intersection is proportional to the interlaminar
toughness.

At the intersection point, all of the three damage modes occur at
the same point. Therefore, the yield stress, strength of the lami-
nate, fragmentation stress, delamination stress and high strain
material failure stress, all are equal to each other. In other words,
substituting the absolute and relative low strain material thickness
from Eqs. (9) and (10) into any of the equations given in Table 1
results in the same maximum yield stress, rY max, as given in Eq.
(11). It is worth mentioning that the size effect term (

ffiffiffiffi
Vm
p

) is
ignored in deriving (11).

rY max ¼
SLa

aKtkþ a� Ktk
ð11Þ

The damage initiation strain is equal to the failure strain of the
low strain material, �FL and the final failure strain of the laminate is
equal to �HL/Kt if the size effect term (

ffiffiffiffi
Vm
p

) is ignored, based on the
analytical method presented in [8]. The stress–strain response of
an arbitrary material combination with the highest theoretical
pseudo-ductile strain and the optimum configuration given in Eq.
(9) is shown in Fig. 5.

Based on the stress–strain curve shown in Fig. 5, the maximum
pseudo-ductile strain of any material combinations is given by
(12).

�d max ¼
�FH

Kt
� �FL ð12Þ



Fig. 5. Theoretical stress–strain curve of a UD hybrid material combination with
maximum theoretical pseudo-ductile strain.

Fig. 7. Stress–strain responses of a low and high strain material and their optimum
hybrid layup.
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Eqs. (11) and (12) show that the yield stress and pseudo-ductile
strain of an ideal UD hybrid material only depend on the mechan-
ical properties of the constituent layers and not on the interface
properties. The interface toughness only affects the optimum abso-
lute thickness of the constituent layers. Eq. (10) also shows that the
ratio of the optimum thickness of the low strain material and the
interlaminar toughness is constant for a specific hybrid combina-
tion. So the optimum thickness of the low strain material is propor-
tional to the interlaminar toughness if the constituents are kept the
same.

If the value of stress concentration in Eq. (12) is assumed to be
equal to one (Kt = 1) rather than 1.08, the maximum pseudo-duc-
tile strain of a certain material configuration is equal to the differ-
ence between the failure strain of the low and high strain
materials, provided that the configuration is optimum. In other
words, the difference between failure strains of the low and high
strain materials is the highest possible pseudo-ductile strain that
can be achieved for a UD hybrid composite.

3.2. Low and high strain material with similar moduli

As shown in the previous section, the pseudo-ductile strain and
yield stress of UD hybrid composites are functions of the con-
stituents’ material properties. Let’s assume that the low and high
strain material have the same moduli (EL = EH or a = 1). Since the
pseudo-ductile strain of the optimum configuration does not
depend on the modulus of the constituents, Eq. (12) does not
change, but the maximum yield stress of such a combination after
simplifying Eq. (11) becomes equal to the low strain material
strength, rY max ¼ SL. Fig. 6(a) shows the stress–strain response of
the low and high strain materials and Fig. 6(b) shows the response
of their optimum hybrid combination. The low and high strain
materials fail catastrophically at �FL and �FH strain respectively
but in the hybrid composite, damage initiates at �FL and continues
to develop up to �FH . The yield stress of the hybrid configuration is
Fig. 6. Stress–strain responses of (a) a low and high strain material and (
equal to the strength of the low strain material which is lower than
the strength of the high strain material. But the hybrid’s response
has an important advantage over the high strain material and that
is the pseudo-ductility in this material. This example clearly shows
that there is a trade-off between strength/yield stress and pseudo-
ductile strain in hybrid materials.

3.3. Parametric study

To study the effect of different material parameters, the pseudo-
ductile strain and yield stress values are considered as the two
main parameters representing the performance of a UD hybrid
composite. To generalise the study and obtain non-dimensional
variables, the pseudo-ductile strain and yield stress values are
divided by the failure strain and strength of the high strain mate-
rial respectively. The value of non-dimensional pseudo-ductile
strain (�d=�FH) and yield stress (rY/SH) can vary between 0 and 1.
Fig. 7 shows schematic stress–strain responses of the low and high
strain materials as well as the tensile response of their optimum
hybrid combination. To study the effect of different material com-
binations, the high strain material is kept constant and the mate-
rial properties of the low strain material are changed in different
ways. No restriction is applied on the low strain material stress–
strain response except to keep its failure strain lower than the fail-
ure strain of the high strain material.

In Figs. 8–10, the variation of non-dimensional yield stress
(solid lines) and pseudo-ductile strain (dashed lines) for different
hybrid combinations is shown on two separate vertical axes on
the right and left of the diagram. These figures clearly show that
there is a trade-off between yield stress and pseudo-ductile strain.
b) the optimum hybrid layup with similar modulus (EL = EH or a = 1).



Fig. 10. Non-dimensional yield stress and pseudo-ductile strain values for different
stiffness ratios EL/EH (a) and failure strain ratios (g). (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of
this article.)
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Fig. 8 indicates these two variables versus modulus and
strength ratios. Any increase in the modulus ratio (a) leads to an
increase in the pseudo-ductile strain and a simultaneous decrease
in yield stress values. Increasing the strength ratio (k) is the oppo-
site, resulting in higher values of yield stress and reduction in
pseudo-ductile strains.

The intersections of the dashed and solid lines with the same
colour are hybrid laminates with equal non-dimensional yield
stress and pseudo-ductile strain and are shown by circular markers
in Fig. 8. For strength ratio k ¼ SL=SH ¼ 0:5, it is possible to make a
hybrid with non-dimensional yield stress and pseudo-ductile
strain both of 0.5. A strength ratio of k ¼ 2:0 leads to a hybrid with
0.73 non-dimensional yield-stress and pseudo-ductile strain. This
shows that increasing the strength ratio makes a better overall
compromise, if the stiffness ratio is increased accordingly.

Fig. 9 indicates the variation of non-dimensional yield stress
and pseudo-ductile strain for different failure strain (g) and
strength (k) ratios. The yield stress curves are ascending and
pseudo-ductile strain curves are descending which is similar to
the compromise shown in Fig. 8. However, the non-dimensional
pseudo-ductile strain curves are independent of strength ratios
and are all coincident. Therefore, it is obvious that larger strength
Fig. 8. Non-dimensional yield stress and pseudo-ductile strain values for different
stiffness ratios (a) and strength ratios SL/SH (k). (For interpretation of the references
to colour in this figure legend, the reader is referred to the web version of this
article.)

Fig. 9. Non-dimensional yield stress and pseudo-ductile strain values for different
strength ratios SL/SH (k) and failure strain ratios (g). (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of
this article.)
ratios give higher yield stresses and makes a better overall trade-
off between yield stress and pseudo-ductile strain.

Fig. 10 shows the non-dimensional yield stress and pseudo-
ductile strain variation for different failure strain and elastic
modulus ratios to study the importance of the Young’s modulus
ratio. Similar to Fig. 9, the horizontal axis is the failure strain ratio
(g) but each curve is for a constant stiffness ratio. Since the pseudo-
ductile strain is only dependent on the failure strains of the low
and high strain material, all of the results for various strength
ratios are coincident on a straight line. All yield stress curves inter-
sect each other at failure strains ratios of 0 and 1. This means that
regardless of the stiffness values, application of a low strain mate-
rial with a failure strain equal to the failure strain of the high strain
material results in a hybrid with zero pseudo-ductility which fails
catastrophically. Comparing low strain materials with similar
failure strains but different moduli, the pseudo-ductile strain is
similar but those with higher stiffness have higher yield stresses.

Both Figs. 9 and 10 show that with stronger and stiffer low
strain material, it is possible to achieve better pseudo-ductile
strains and yield stresses.

4. Discussion

In this paper, the analytical method proposed for UD hybrid
damage analysis [8] was applied to study the effect of different
geometric and material parameters.

Damage mode maps have been proposed to study the effect of
the hybrid configuration on the damage process. This approach
visualises the effect of different geometric parameters on the
stress–strain curve of the hybrid and its characteristic parameters
such as pseudo-ductile strain and yield stress. Therefore, it has
been found to be a very useful tool for designing hybrid configura-
tions with specific material combinations. It has also been shown
that the highest value of pseudo-ductile strain can be achieved if
all damage modes in the hybrid specimen (low strain material
fragmentation, dispersed delamination and high strain material
failure) occur at stress levels close to each other. Configurations
very close to the intersection of the boundaries of damage mode
map in region 4 (see Table 2) on the damage mode map satisfy this
condition.

The configuration associated with the intersection of the
boundaries of the damage mode map can represent the maximum
theoretical pseudo-ductile strain of each material combination.
The highest theoretical pseudo-ductile strain and yield stress val-
ues only depend on the mechanical properties of the constituents
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and are independent of the interface properties, but the shape of
the damage mode map and the absolute thickness of the con-
stituents depend on all material properties including interface
toughness. The damage mode map of S-glass/TR30 carbon hybrid
with an interfacial toughness of GIIC = 2.0 N/mm (twice the actual
toughness) is shown in Fig. 11. The maximum value of pseudo-
ductile strain and yield stress is the same as the damage mode
map shown in Fig. 4 but the areas with gradual failure (coloured
areas on the map) are expanded vertically and achieving the opti-
mum configuration is significantly easier in practice. All four tested
layups discussed in Section 2.5 and Fig. 4 now give a gradual failure
process and the best one in terms of pseudo-ductile strain is [SG2/
C4/SG2]. The carbon layer thickness for this layup is double the
optimum layup with GIIC = 1 N/mm so less thin ply layers can be
used for producing pseudo-ductile hybrids if the interlaminar
toughness is increased. The damage mode map is compressed ver-
tically if the value of interlaminar toughness is decreased and
therefore, thinner carbon layers which are harder to manufacture
are required for an optimal configuration.

To study the effect of different material combinations on the
stress–strain response, the pseudo-ductile strain and yield stress
of different material combinations with their optimum configura-
tions have been investigated in the material parametric study
Fig. 11. Damage mode map of S-glass/TR30 carbon hybrid with interlaminar toughness
rY. (For interpretation of the references to colour in this figure legend, the reader is refe

Fig. 12. Damage mode map of S-glass and a material X with 365.6 GPa initial stiffness an
(b) yield stress, rY. (For interpretation of the references to colour in this figure legend, t
section. It was shown that there is always a trade-off between
the pseudo-ductile strain and yield stress. The highest possible
pseudo-ductile strain is equal to the difference between the failure
strain of the high and low strain materials. This value of pseudo-
ductile strain may be achieved if the configuration is optimum
and the stress concentration around the cracks is suppressed.

It was also shown that the overall trade-off between pseudo-
ductile strain and yield stress can be improved if high-stiffness
low strain materials with relatively low failure strain values are
applied. For example, a low strain material with 8 times higher
stiffness than the high strain material can give better yield stresses
compared to another low strain material with a modulus ratio of 2.
If the failure strains of these two candidates for the low strain
material are equal, the stiffer one produces a higher yield stress
although its pseudo-ductile strain is still equal to the other one.

To improve both pseudo-ductile strain and yield stress, it is nec-
essary to increase both stiffness and strength ratios. The stiffness
and strength ratios of TR30 carbon to S-glass composite are about
2.2 and 0.92. Let’s assume that material X is available and that its
modulus and strength are 8 and 1.54 times those of the S-glass
epoxy layer. This material corresponds to the circular marker
shown in Fig. 10. The fibre direction modulus of such a material
is 365.6 GPa, the strength is 3290 MPa and the failure strain is
GIIC = 0.5 N/mm and distribution of (a) pseudo-ductile strain, �d , and (b) yield stress,
rred to the web version of this article.)

d 0.9% failure strain along with the distribution of (a) pseudo-ductile strain, �d , and
he reader is referred to the web version of this article.)



Fig. 13. The tensile response of the optimum hybrid configuration S-glass/TR30 and
S-glass/X-material.
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about 0.9%. These mechanical properties are not far from those of
high modulus carbon fibre composites. For instance, a UD layer
of Mitsubishi Rayon HS40 laminates with 60% fibre volume frac-
tion has 274 GPa fibre direction modulus and 2740 MPa strength.
Also Toray M55 and Toho Tenax UMS55 fibres with 60% fibre vol-
ume fraction give 326 GPa modulus and 2608 MPa strength.

Fig. 12 shows the damage mode map of a hybrid made with this
material as the low strain material and S-glass epoxy as the high
strain material. The tensile response of the optimum configura-
tions made out of S-glass/TR-30 hybrid is compared against the
S-glass/X-material one in Fig. 13. The interfacial toughness is
assumed to be 1.0 N/mm. The pseudo-ductile strain, 2.6%, and yield
stress, 1200 MPa, are both higher than the maximum values of S-
glass/TR30, demonstrating the potential of what could be achieved
with optimal combinations of materials. The reason is that the
assumed low strain material has higher stiffness as well as
strength.

5. Conclusions

The following concluding points are drawn in this study:

� Damage mode maps bring a new approach for analysis and
design of UD hybrid laminates. They are easy to produce and
can clearly demonstrate the damage processes of different
hybrid configurations.
� The pseudo-ductile strain and yield stress values for different

hybrid specimens can be drawn on the damage mode map so
the tensile performance of different UD configurations can be
analysed very quickly without the need to draw their tensile
stress–strain curves.
� For a specific material combination, the highest pseudo-ductile

strain can be achieved by configurations at the intersection of
the regions on the damage mode map. The highest theoretical
value for pseudo-ductile strain is equal to the difference
between the failure strains of the low and high strain materials.
� The highest values of pseudo-ductile strain and yield stress are

independent of the interface toughness. But higher values of
interfacial toughness allow thicker layers, making it easier to
get configurations closer to the optimum.
� The material parametric study showed that if only one of the

low strain material stiffness or strength properties is changed,
the effect on the pseudo-ductile strain and yield stress values
are opposite to each other, showing that there is a trade-off
between these two key performance parameters. However, if
both the stiffness and strength values of the low strain material
are increased, both pseudo-ductile strain and yield stress values
can be improved.
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